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Abst ract

T h i s  paper is  a f o l l o w — u p  to  an earlier paper by

B l c i s t t n  w h i c h i  d e r i v e d  asym p~~ot ic expansions of i n t egr a l  t r a n s f o r m s

of f u n c t i o n s  w i t h  l o g a r i t h m i c  s i n g u l a r i t i e s .  That r e s u l t  d e a l t

with exponent ially decay ing kernels. In this paper the results

~ rc expanded to include the case  01 oscillatory kernels — e.g.

lourier or Hankel transforms.
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1. I n t r o d u c t  i o n

We s h a l l  dove lop t he  a sy m p t o t i c  e x p an s i o n  of  ;i c l a s s  of In t e g r a l s

of the  f o r m

( 1 . 1 )  I ( \ )  = f 1
h ( A t ) f ( t ) d t .

I’ c r t h i s  c lass  we shin 11 assume t h a t  h ( t ) is  an ‘ osc 111 at o r y ’’ ke rne l

t h a t  is ,

j ~ N ( m )  —r
( t . .~) h ( t )  “

~ expf i , t V
} ~ ~ ~mn~ 

m
(10g t)°, t -*

m=O n 0

ther e , Re r f and N ( m )  is f i n i t e  f o r  each m. We assume t h a t  h and f

a re  i n f i n i t e l y  d i f f e r e n t i a b l e  on (0, .~~) .  F u r t h e r m o r e , f ( t )  i s  assume d

to v a n i s h  ‘‘ C s m o o t h l y ’’ at  T < 1

Thus the  i n t e g r a l  1 ( A )  is  one w h i c h  mi ght  arise from a more

g e n e r a l  i n te g r a l by app l y ing  t h e  a p p r o p r i a t e  van der Corput  (1948)

“n e u t r a l i z er ” to iso t a r  e t he  c r i t i c a l  p o i n t  at the  o r i g i n .  The c l a s s  of

I n t e g r a l s  i s  further distinguished by the nature of f ( t )  near  t he  ori g i n ,

n a m e l y ,

N ( m ~ ci~~ ~mn
( 1  . 3)  t ( t ) ~ ~: ~ Cmn t (1 og t ) , t (1

m~ () n~ ()

lie r c , Re r f N (m ) i s  f i n  I t e fo r  e, lc ii m and the 1~ 
‘ s ar e  any  co m p l e xm mn

i iu mhe ro . Fur  he m ore , we assume t h a t  t h e  asvmpt  et i 0 e x p an s I o n  of any

icr  [v a t  I ye ot t i ‘to i i  nod h v  d i ,  f er .~n t I i t  i n g  ( I . I) 



r h i s  w o r k  is  ~t co i l t  I l i t i l t  i on  ci i i i  t i r  1 icr  p a p e r  hv one o~ t hi t

a u t ho r s  ( h i l c i s t c i n , l~~/ 1)  i n w h i c h  h i ( t  ) was i n s t L id an ‘ e x p o n e n t i a l ’’

k e r n e l — i c  in ( 1 . 2 )  r ep  l , i c e d  h~ . i n e g a t  I vt r e a l  n u m b e r .  l u t o r t u n a t  c l v ,

he m et  h ot1 ~t t  p t o o  I t i  t h a t  p a p e r  t l oc0  not  s i i t  I i c c  he i e ‘l ’hie i t  1 eva nt

I I t e l a t u t e  i cr  b o t h  t l i o s e O  o l  i n t c g i . i I 0  is c i t e d  in t h a t  c . i r l  i c r  pap er

and w i l l  no t  be r~ p e a t  t d  lie re . We do r e m a r k  , hiewev e r , t h a t  , I i i  c ompa r i ~;c i i

o t l ie e.i r 1 i c r  1 i t  e r a t  u re , t lie d i s  t i ugu  I shi I ng f e i  t nrc i n  h o t  hi c l a s ses

o t  i n t e g ra l s  i s  t h a t  t h e  ccci  t i c  l e n t  s 
~ 

m a y  he ~ om c i  i i z i g  o t h e r  t i t a n

n o n — T o ga I i ye i n t e g e r s .

to t a r ry  ‘ i i i  t i c  j i c i  I vs i s be I ow , we shi n 1 1 f u r  t l i t  r ioo i in ic  t h a t

h ( t  ) is l o t , I l v  i n t t c t i b t l e  cii  (I) , ) and

( 1 . i )  h , ( t )  = O( 
a ) 1 , a Re r , Re . 1  — a — 1

h 



T echn ique  oL I n t egr at i o t i .

We s h a l l  c a l c u l a t e  t he  asymptotic expansi on of 1 (A) by the

Md li ii transform t e c h n i q u e .  (S~~e Bleis t ein and Hand elsrnan , 1975 , Chapters

— . ) To do so , we define

(2 .1) M ~h ( t ) ;  z] 
~ 0

t
Z_ l

h(t)d t z = x + i v

(2.2) M [f(t); l— z~ = 5
’t~~~f (t)d t

and use the Mellin— Parseval Theorem to write

(2 .3 1 ( k )  = ~~~c J A
_Z

M [h;z] M 1 - z} dz

We sha l l  now quot e  r e s u l t s  about  t h i s  i n t e g r a l .  Th ey are proven

in t he  above cited re ferences and/or in Ti t chmar sh  (1948) a n d / o r  in t he

papers by Handeisman and Lew listed in the references.

(I) M Eb; z] ex ists and is analytic for 1 + a < x < 1 + r

(ii ) N [Ii ; ~] may be analytically cont inued as a h o i omorp h  I c

f u n c t i o n  to t h e  ri ght half plan e 1 + a x , howev e r ,

(2.~~) N [ii ; ~
j = ~ ( ,V l ~~~

(x r
0

) / v  _ 1
2 ) ,

t h a t  is its rate of g r o w t h  on vert i cal lin e s in c r e a s e s  w i t h  x .

(ii 1) H [t I — is a n a l y t i c  f o r  x < Re i

( i v )  For t h e  B r omw i e h  contour In ( 2 .  1)

(2. ) I + a < c Re a -



The asymptotic expans ion  of 1 (A) is generated by “moving ” the

Bro mwic h contour to the ri ght , thereb y p ick ing  up c o n t r i b u t i o n s  to the

asymptotic expansion from the singularities of the  analytic continuation

of M [f ;  1 — . To a l l o w  for  t h i s  d e f o r m a t i o n  of con tour , we must

impose c o n d i t i o n s  on f ( t )  w h i c h  w i l l  i nsure  sufficient decay of Its

M e l l i n  t r ans fo rm , thereb y compensat ing  for  the growth of M [ h ;  ~]

We now state Theorem I which concerns M [f; 1 — z]

Theorem I: Suppose f(t) locall y integrable on (0, 1) with an e x p a n s i on

‘~~ N(m)
f ( t )  ~~ Y ~ c~~0t~

m ( l og ~ 
mn 

t 0
m 0  n=()

w h e r e  ~t f ~~ and N ( m )  is f i n i t e  f o r  each  iii .

Then

i) N [f; 1—z] is anal ytic for x Re + 1

ii) The analytic continuation of H [f ;  1 — z ] to t h e  ri ght

takes the form

c
( 2 . 6 )  M [f ;  1 — 

mn mn + 1 )

n= O (t + 1 — z) mn
Re(ct — a ) < k m

m o

c (~~ + 1 — z )~~~~mu m
+ 

~~~ 
(~~ — l ~~! 

log (z — a 1)

+ f tk
( z ) .

tle ~ re , i n  we cxc  itide t he terms vi th  1~ a ne ga t i ye i ut ege r , wh i le ,

In  ‘‘ , we I iie I (1( 1 C ~~~ I y t e rms wit Ii I~ 
i ne g a l l  vi’ I n  t c ge r . The I nUt ’ t I on

II ~ . - .~ - . —.~~~~~~~-- . . ,~~~~ —-—--—, -, —



_ _ _ _ _  ~~~—- —-~~~~~~--~~~~-—---- , .— --~~~-~~~~~

(z)  ls*nalytic for x < Recx + k and the result is correct for any k.

(iii) M [f; 1 - z] = O (Jy ! 
[L + ~ - ) as

Result (i) was stated earlier. The proof of (ii) follows closely

the proof of (ii) in Theorem 4 of the earlier paper by Bleistein. Details

of t h i s  and a proof of (iii) are given in the appendix.

From Theorem I , we see negative integer powers of 
~mn ’ 

lead to

logarithmic branch points , non—negative integers powers lead to poles ,

and all other ~l lead to algebraic branch points.
mn

The p r i n c i p l e  p a r t  in the  expans ion  of M [ f ;  1 — zi about such

singularities takes the following form :

Ca se l :  ~mu —

am ~mn 1
t ( log t)  -~ 

— Q + i(z — a — 1)
m

Case 2: = ~ < 0
mn

(z —a
t~~i(log t) 

mn log (z — 

~m 
— 1)

Case 3: ~ not an integermn

tam(log ~)~
mn C~~~~mnF (~~~~~+ 

mn + 1

3. Main Result

We can now state the main result about the asymptotic expansion

i) !  I(~\).

5
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Theorem 2: Let 1(A) (1.1) be an absolutely convergent (perhaps improper)

integral with f and ii locally integrable on (0,’) and h satisfy I n g  1.2

and 1 .4 with a + ) — 1 , then with I n e ’u t r .~~ l i c d  about 0 and f ~ 0

fo r t � 1, I Ck ) has the expans ion

N (m )
(3 .1)  1(k )  = ~:* C ~J ( ~ i , f ~inn m inn— a  )

~
. k n=o

in o

N(m) c
+ E 

(~~— i ) ~Re(a —a )<k n=o
m 0

—a — 1 — k + c
+ O (\ ° ), any c > 0 .

Here , for e a ch  choice  of n , 1* indicates those mn ’s for which ~ is
inn

not ~i n e g a t i v e  integer , wh ile ~ inc ludes  exac t l y those mn ’s for which

= ~~~~~~ a negative integer.

As we shall see , the functions J and K are related to an orderly

a s y m p t o t i c  sequence w i t h  increas ing Re 
~m T he i r  definition is fairly

complicated but their asymptotic expansions are more strai ght forward.

Recall 1(A) is given by (2.3) repeated here:

C+ict~

1(A) = 
_Z~l [).i;7~ M E f ; 1 — z l  dz

c — i t ,

A l s o  r e c a l l  t h e  e a r l i e r  conmients on M~~i , z1 stated after (2.3).

We need to  cons  i c i e r  1 ( k )  w I t h  H If; 1 — zi taking the form

(2.h) . To t h i s  end we define

6



-~~~~~ 

c+i 

I
l i i~~ —~~— 1

( 3 . 2 )  J(a. ,~~,\) 
C 

A
Z
(a + I — z)M [h ;z] dz

c-i~

We must look at two separate cases.

C i s c  I :  ~ ~ 9, , a n o n — n e c a t  lye integer.
inn

In th is case , J(a,~.,A ) is given as a residue of the integral at

a + 1 .  So

(3 .3) J( a,f ,\) = +,(~~
) 

~ A~~ M [h;z]~ L = a + i

Case 2 : ~inn ii

The res ult is

C e 1
~~~(log A )~~~

1

(3.4)  J(~~~~,A) ~ E
a 

~~~ + ~ 
— j )

with

(3.5) C = 
M~~~ {h;a + 1]

j 1.

We must also deal with integrands arising from the second

sum in (3.1). We define

c+i°°

(3.6) K(a,Z,A ) = J A~~~~(a + 1 - z)iog(z -a- 1)M[h;z] dz

L . ~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ,. ---~~~~~.-~~-- _



The resul t is

(3.7) K(a,Z,k) A
_a_i 

~ C ( 9,
~~ ) ( lo g  A ) 9,

~~
j=o ~

with C~ determ ined by

~ c j+k~-i

(3 . 8) z~~~
1M [h; z + + i] = E —4 z

j =o j .

For explicit details on the above contour integrals , we re f e r

the reader to the earlier paper by the second author.

Now , by referring back to (3.1), let us comment on the nature

of the asymptotic sequence . As the contour is “moved ” ri ght , the

singularities ci + I are encountered beginning with + 1 , continuing

with increasing in.  Consider the possibilities for the contribution from

a + 1. If 
~ 

is a non—negative integer for all n , then we obtain a

f inite expan sion in powers of log A (3.3). We would then proceed to

a
1 

+ 1. However , if 8 is other than a non—negative integer , for

some n , we obt ain an infinite expansion in powers of log A at a
0 

+ 1

(3.4). In this case it makes no sense to proceed to a
1 

+ 1 , since

it is alread y of lower algebraic order in A and hence , asymptotically

zero with respect to the sequence

{ C~o
’(log A ) 8on~~~}

8
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I f  
~ 

are’ a l l  n o n — i l e g a t  i ye i n t e g e r s , we have t h e  c a s e

N ( m )  n
1 ( k )  ~ 1 C nn (~~ ~~~~ k ’ N [h ; z])

—a ) < k n o
m 0 Z = i  + 1

in

On iv  i n  this v e r y  spec 1.1 1 case do v on see cont  r i b u t  ions f r o m  c a c t i

singularit y as t he c o n t o u r m o v e s  ri ght. If one 
~ 

is not a non—negat ive

j u t e  ge r , von got ‘‘ c a u g ht t ‘‘ a t  . t and have an i n f i n i t e  e x p a n s i o n  in

i n t e g r a l powe rs O I  l o g  \ o f t h e  form .1 or  K .

We shial close this Section with an e x a m p l e .  We c o n s i d e r  t he

i n t e c r a l

3/2

3. hO ) I (\) = i e~~ ~ ~n t  t dt

‘T o

t h e r e  1 ( i)  is a s i n g l e  t e r m  of t he  f o r m  ( 1 . 3 )  w i t h

3~r i / 2
(3.11) a = 1 , 8 = 3/ 2 , C = c

1) 00 00

t h e  l a s t  being chosen so that

3/2 3 / 2
( 1. 1 2 )  C ( I n t )  = l in t  I00

is r e a l  and positive for o < t < 1

Our asymptotic expansion will he of t h e  form 3.1 with only

t ~ rms of t h e  f o r:it .1 (a , , s I n c -c t~ 
= 1 / 2 . We ’ l i i  ye

00 00

a _ 
_ _



(1.1)) 1 (A) ‘c’ C r ( 8  + 1) J ( c z , 8 , ) )

A two—term expansion of I will be

r 3/2 - 1/2
(3. 1-. ) I(~~) _ i r ( 5 / 2 )  I c  -i (lo~ ~ + 

~ 1 
-i (l og ~

[0  ) 2 r ( 5 / 2 )  A~r (3f 2)

w i t h

~, ( ] )  
Eh; a +

( 3 . 1 5 )  C . = - .  

. 

00

.1 .1.

where

(3.16) h(t) = e
1 

, ci I

We get

( 3 . 1 7 )  C = -l C 1 = -(1 — y )  — i(~ /2)

where = .57721 , the Euler—Mascheroni constant .

We h iv e -  t he  f o l l o w i n g  two —te rm expansion

1/ 2
( 3 . 1 8 )  l(~~) ~ — çj~,}~)3/2 

-
~~

- ( . 4 2 2 7 9  + 1 .5 7 O 7 9 i ) - ~-~-~--~ 
A)

We use two—terms in order to see the imaginary part of the expansion .

Note from 3.14 the error is 0~ (i og A )
2
1.

In Table I we tabulate 1 (A) for X =  10 , 50 , 100 and compare

it w i t h  results for t h e  r i - a l  and imag inary parts of 1(X) obtained

10



by numerical in tegra tion using Simpson ’s Rule. We tabulate log A as well ,

because it is the “large” parameter in the asymptotic expansion . We

—2
also include (log A) to give an indica t ion of the percen tage error to

be expected from a two— term expansion with leading order (log ))
3/2 and

error  term 0~ (log A)
1
~
’2

I. 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ .~~~~~~~~~~~~~~~~~~~~~~~~~ . _ _



T A B L E  I

A 10 50 100
log \ 2 . 3 0 2 5  3 . 9 1 2 0  4 . ~~ U~~ 1-7

(log .\ )  . 1 8 9  .065 . 0 4 7

ASYMPTOTIC RESULT

Rea l Part -.0252 -.002593 -.00085216
Imag inary Part .03575 .00186 .00050562

VIA SIMPSON ’S RULE

Real Part -.0164 7 -.002497 -.000825
Imaginary Part .03199 .001 83 .000496

RELATIVE ERROR S

Real Part 347 3.7% 3.1%
Imaginary Part 10.5% l.6~ l.~~

I . ’



~ pj~~ n x

Firstly, let US Comment that the proof of (ii) Theorem 1 follows

almost exactly the proof of (Ii) Theorem 4 in the earlier paper by

Bleistein. Following the notation of that proof we now break S
k
(t.) into

onl y two sums

( 1)  (2 )
( A l )  S

k
(t) = S

k 
(t) + S

k 
Ct )

Here each of the function satisfies

( i )
(A2)  S

k 
(t) = 0 for t 1

and for t < 1

(1) N(m) 8 ci L
(A3) S

k 
= E C (iog t) 

mn
~ 

m 
( 1  — t

k
)

Re (a —a ) < k n 0
n O  

8mn

(2)
(A4 ) S N ( m ) 8 ci L

k Re(ci —a ) < k E C (log t) 
mn
~ 
a 

(1 — t~~)

Now the details of the proof follow. The proof also shows the form ol

the princi p le parts of M [f; I — zJ which tire given in Section 2.

Now we prove (iii) Theorem I..

Fu r M 1 — z~ we cons ider integrals of the form

1 13 0
,t — z 

k
1

(A5)  1( z )  = ( lu g  t )  
m in (1 — t ) dt

U

.-. ---



- —-~~~~~~~~
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W i t h  t h e  c i i t t i g e ’ if variable log t = — t , this becomes

in ~ r~ 8 — -r ( ci + 1 — z )  I.
inn I inn in(A u ) 1(z) = e -r e (1 — e ) d-r

J o

I f we do ft i- 

~

-. — lI~ integrations by parts , we have

EL÷8 -B

( A l )  I (~~) = 1~ 
~~~ :fV — 1~ f e

_ T

~~~~
m

_ Z
~
*

~ — 
— i k ~ : d T

( I  + i
in

0

L

- . mu I tk l
(Note der~ v i t  ives of T ~1 — c j guarantee all the  b o u n d a r y  t e r m s

v a n i s h . )

l’~e c ’~~ i i5  i ~I c ’ r

[i~+v — i ]

1(z) = 

~ 
i (1+~ 7 ) ~~~~~~ 

mn~~ 8 
[1 - ~

_Tk] }dT

[L+~ -I]

(~~ 1) = I TY 
e~~~~

+ c Q X)

(d) 

mn~~~~ 

[1 — e
_

Tk] dt

w ith z = x + i y .

Ac c.  ‘ rd jug t o  e X  I c-t i d ed 8 i e m a n n —  Lel) esqu c Theorem by 01 ver (p. 7 3) we ’

have 1(z) = o( 1 )  s i t ’d  t i l e- integral converges uniformly at 0 and I or

I i c i  i t t  I v l i i e- y.

So i i i  )~ /

-
~~~~~~~~+~~~~ - i ]

(MO) ‘

~ 
I — = ()(jy~ 

mn
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